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Optimal Control of Quasi-One-Dimensional Self-Field
Magnetoplasmadynamic Arcjet Flow� elds

Kyoichiro Toki*
Institute of Space and Astronautical Science, Sagamihara, Kanagawa 229, Japan

The � ow� eld of a self-� eld magnetoplasmadynamic (MPD) arcjet was analyzed to establish the opti-
mum geometry that produces the highest possible thrust for speci� ed operating conditions. A set of
simpli� ed assumptions, within a quasi-one-dimensional framework, was used to establish how the opti-
mum � ow� eld was coupled to the thruster geometry. The resultant distribution of discharge current was
smooth without any prominent concentration along the electrodes. The approach employed a purely
mathematical method of engineering optimal control to suggest design guidelines for MPD arcjet thrusters
within the idealized constraints. The optimum was found to be a slowly convergent and quickly divergent
geometry that maximized the exit velocity for a � xed electrical input power.

Fig. 1 Self-� eld MPD arcjet geometry variations.

Nomenclature
A = channel area, m2 or nondimensional
A0 = reference area, m2 or nondimensional
B = magnetic � ux density, weber/m2 or

nondimensional
B0 = B at the inlet, weber/m2 or nondimensional
E = electric � eld, V/m or nondimensional
J = total current, A
j = current density, A/m2 or nondimensional
l = thruster length, m
mÇ = mass � ow rate, g/s
Rm = magnetic Reynolds number, nondimensional
u = plasma velocity, m/s or nondimensional
um = magnetic velocity, m/s
V = discharge voltage, V or nondimensional
w = thruster width, m
x = position along the channel, m or

nondimensional
l1 = Lagrange multiplier, nondimensional
l2 = Lagrange multiplier, nondimensional
m0 = magnetic permeability, H/m
r = density, kg/m3 or nondimensional
s = electrical conductivity, /Vm

˜ = nondimensionalization

Subscript
i = inlet
e = exit

Introduction

T HE self-� eld magnetoplasmadynamic (MPD) thruster is
one of the promising electric propulsion technologies for

future application to space missions.1 For 30 years experi-
mental and analytical studies have attempted to understand the
physical processes controlling thruster operation to identify ge-
ometries that produce higher ef� ciency and select appropriate
propellants.2– 4 Figure 1 exhibits stable geometric con� gura-
tions from a variety of research organizations. Each organi-
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zation has chosen a baseline thruster that re� ects its primary
area of interest, including pulsed or steady-state, self-� eld, or
applied-� eld MPD arcjets.

In this report, a mathematical optimization is used to max-
imize performance independent of any experimental conclu-
sions. While the model formulation is so idealized that most
of the complicated physics associated with the actual plasma
� ow are ignored, this kind of optimization can provide useful
guidance to MPD arcjet experimentalists. We have assumed
the � ow� eld geometry to be quasi-one-dimensional to exclude
all of the possible sources of ambiguity to the problem by
virtue of their multidimensionality. A method of engineering
optimal control, i.e., the calculus of variations, is applied. The
ultimate purpose of this analysis is to unambiguously dem-
onstrate the existence of an optimum quasi-one-dimensional
MPD arcjet geometry that produces maximum thrust for a
� xed discharge current, discharge voltage, mass � ow rate, and
thruster length.

Assumptions
For simplicity, we assume the following conditions: 1) par-

ticle pressure is ignored; 2) ionization and dissociation are ig-
nored, and hence, s has a constant value; 3) no external mag-
netic � eld; 4) quasi-one-dimensional � ow� eld, i.e., we ignore
the pumping force, Hall effect, viscous boundary layer, and
the electrical sheath; and 5) the onset phenomenon is ignored,
although the high Isp region is of interest.
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Fig. 2 Assumed quasi-one-dimensional MPD arcjet thruster
channel.

For these assumptions we can de� ne the geometry of our
MPD arcjet thruster (Fig. 2). The equations are as follows:

Mass conservation:

ruA = mÇ (1)

Momentum conservation:

du
ru = j ?B (2)

d x

Maxwell’s equation:

dB
= 2m j (3)0

d x

Ohm’s law:

j = s(E 2 u ?B) (4)

Equipotential condition:

AE/w = V (5)

The last equation expresses the equipotential constraint over
the entire electrode surface for the anode and cathode. We can
reasonably exclude the energy conservation equation, because
the particle pressure is ignored in this formulation. This assumes
that the � ow is only electromagnetically accelerated, and hence,
Joule heating merely increases the temperature. The � ow en-
thalpy does not contribute to the aerodynamic acceleration.

Fundamental Formulation
It is convenient to nondimensionalize the variables with

some reference quantities describing the � ow such as
Total current:

l
w

J = w j d x = B (6)0E m00

Magnetic velocity:

2B A0 0
u = (7)m

m mÇ0

Magnetic Reynolds number:

R = m su l (8)m 0 m

Using these quantities, all of the variables are nondimension-
alized:

J˜ ˜ ˜J = u = u/u r = ru A /mÇ (9)m m 0(w/m )B0 0

˜ ˜ ˜j = (m l/B )j A = A/A E = E/u B (10)0 0 0 m 0

˜ ˜ ˜B = B/B V = Vw/A u B x = x/l (11)0 0 m 0

Hereafter, the nondimensionalized variables are used without
a tilde mark, ˜. Equations (1 – 5) are rewritten as

ruA = 1 (12)

du
ru = j ? B (13)

d x

dB
= 2j (14)

d x

j = R (E 2 u ? B) (15)m

AE = V (16)

We assign reasonable values to the following quantities: Rm =
10, J = 12.5 kA, l = 0.1 m, w = 0.1 m, A0 = 0.001 m2, and mÇ
= 1.25 g/s. These values correspond to um = 15.7 km/s and s
= 5071 /Vm.

Numerical Experiment for Various Geometries
Prior to carrying out the optimization, the � ow� eld of the

predetermined thruster geometry is analyzed for various cases.
From Eqs. (12), (15), and (16), ru, j, and E can be eliminated
and substituted into Eqs. (13) and (14), respectively. Then we
obtain a set of two equations to be solved:

du
= R (V 2 AuB)B (17)m

d x

dB 1
= 2R (V 2 AuB) (18)m

dx A

Initial conditions are required so that V satis� es the given value
of Rm:

B(1) = 0 (19)

In other words, this condition is required for Eq. (16), which
implicitly corresponds to a differential equation (dV/d x = 0).
The given total current must be equal to the integration of
current density along the electrodes and the inlet velocity must
be assumed:

B(0) = 1, u(0) = 0.5 (20)

Figure 3 shows the calculated � ow� elds for Rm = 10 for par-
allel, convergent, divergent, and convergent – divergent thrust-
ers. In this sample analysis, a parallel con� guration with A =
4 was � rst calculated as the reference and the corresponding
discharge voltage was obtained. A convergent, divergent, or
convergent – divergent shape was then assumed in the form of
A = A(x) 1 c, where c is a constant. The constant c was varied
until a new geometry was found, yielding the same discharge
voltage as the baseline, but having a different exit velocity.
Thus, this procedure � nds the highest performance geometry
for a given input power. All of the calculations used the same
discharge current, mass � ow rate, thruster length, and dis-
charge voltage. The different exit velocity yields a different
thrust and ef� ciency for the given inputs. For all of these ex-
amples, the nondimensional discharge voltage is 4.70, which
corresponds to an actual voltage of 116 V calculated from Eqs.
(11). Each of the current distributions reveals strong concen-
tration at the exit and the inlet of the thruster as a result of
back emf in the middle region of the channel. The velocity
distribution displays a slow acceleration region halfway to the
exit. The plasma acceleration is far from constant in the
streamwise direction.
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Fig. 3 Numerical experiment for various quasi-one-dimensional MPD arcjet geometries a) parallel, b) convergent, c) divergent, and d)
convergent – divergent. All have the same discharge current and voltage with Rm = 10: each part shows speci� ed geometry and � ow� eld
analysis.

Method of Engineering Optimum Control
This section describes the mathematically optimum geome-

try. Here we introduce two new functions according to opti-
mization theory,5 the evaluation functional I, and the Lagrang-
ian H

1 1

du
I = d x = R (V 2 AuB)B d x (21)mE Ed x0 0

2H = (1 1 l )R (VB 2 AuB ) 1 l R [uB 2 (V/A)] (22)1 m 2 m

where the optimum geometry maximizing the exit velocity
must be found among the admissible geometry functions A.
Two adjoint variables, l1 and l2, are incorporated because of
the constraints represented by the differential equations (23)
and (24), and � nally, the Euler – Lagrange equations are ob-
tained as follows:

du
= R (V 2 AuB)B (23)m

d x

dB 1
= 2R (V 2 AuB) (24)m

d x A

dl V 2 AuB1
= R l (25)m 2F Gd x Au

2dl 2(V 2 AuB)2
= R (1 1 l ) (26)m 1F Gd x V

V l22A = (27)2uB 1 1 l1

which, along with Eqs. (23) and (24), are the duplication of
Eqs. (17) and (18). If there exists an optimum geometry having
the maximum exit velocity, it is required to be the solution of
these differential equations.

The previous simultaneous differential equations de� ne a
two-point boundary-value problem, therefore, some of the in-
itial (inlet) and � nal (exit) conditions must be given. Table 1
summarizes the boundary conditions, including a transversality
condition for the adjoint variables. We applied the direct shoot-
ing method (DSM) to solve this two-point boundary-value
problem, where the values of l1(0) and l2(0) are initially as-
sumed and sequentially modi� ed by linearized approximation
of the residual error until B(1) = 0 and l1(1) = 0 are simul-
taneously satis� ed.

Optimum Geometry
Solving Eqs. (23 – 27) under the same J, V, mÇ , and l values

as adopted in the preceding numerical experiment, the opti-
mum geometry for Rm = 10 was calculated and presented in
Fig. 4. The maximum calculated nondimensional exit velocity
is 2.88 as shown in Table 2, resulting in an ef� ciency improve-
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Table 1 Boundary
conditions

Initial Final

u(0) = 0.5 ——
B(0) = 1 B(1) = 0
—— l1(1) = 0

Fig. 4 Optimum geometry for Rm = 10 (top, obtained geometry
and bottom, obtained � ow� eld).

Table 2 Comparison of arbitrary geometry and the optimum

Geometry
Exit velocity, ue,
nondimensional

Improvement over
parallel ef� ciency, %

Parallel 2.58 0
Convergent 2.59 0.7
Convergent – divergent 2.71 10
Divergent 2.75 14
Optimum 2.88 25

Fig. 5 Representative uB
pro� le at high Rm values.

ment of 25% over the baseline geometry for the given input
power. The geometry is slowly convergent at the rear, followed
by a highly divergent channel for high magnetic Reynolds
number. The most remarkable feature of this � ow� eld is the
moderately uniform current distribution over the entire chan-
nel. This contrasts with the other geometries that exhibit strong
current concentration at both the inlet and the exit (see Fig.
3).

The more uniform current distribution results in a velocity
distribution with a steady acceleration pattern, free from any
de� ection-like nonuniformities that would result from strong
current concentrations. A similar suggestion for this kind of
geometry has been made previously.6 The optimum geometry
requires a very steep divergence angle at the exit and it seems
to be outside the scope of quasi-one-dimensionality. A similar
optimization procedure was used at very low Rm less than
unity, although the assumption Rm < 1 is not valid for MPD
thrusters. That effort showed that a convergent geometrical
shape was optimum for Rm < 1.

Discussion
General Understandings of Results

The optimum geometry was calculated for Rm = 10. It is
interesting that there may be an analogy between the magne-
tized plasma � ow (magnetic pressure dominant) and the aero-
dynamic � ow (particle pressure dominant) of a De Laval noz-
zle. This parallel has been reported previously to emphasize
the importance of magnetic Reynolds number in the MPD
� ow� eld,6– 8 and precise calculations were performed for var-
ious predetermined but nonoptimized geometries.8 Further-
more, recent experiments using a two-dimensional MPD arcjet
have shown that the best performance is achieved in the case
of a convergent – divergent channel.9

Apparently, the optimum geometry yields continuous accel-
eration throughout the MPD channel. The abrupt velocity in-
creases observed at the inlet and exit of nonoptimum geome-
tries have completely disappeared. For high Rm values, it has
been reported that the discharge voltage is determined by the
de� ection point of the magnetic pressure pro� le along the
channel.10 The strong current concentration at the edges of a

channel always enhances Joule heating effects, leading to the
loss of input power. This has been regarded as an unavoidable
feature in so far as the Rm remains � nite in the actual MPD
� ow� eld.

Physical Interpretation

Substituting Eq. (14) into Eq. (13) and multiplying by u, we
obtain an interesting relationship after a simple transformation
of the equation:

2B du B d22 u = (uB) (28)S Dr d x r d x

If u reaches u 2 = B 2/r (the Alfvén speed or, exactly speaking,
the magnetosonic speed), then d/dx(uB) = 0 should be satis-
� ed. From the boundary conditions for inlet and exit of the
channel

(uB) = 0 (uB) = u < 1 (29)exit inlet i

Provided that the acceleration is monotonic along the stream-
wise direction, the following point will be met somewhere
along the channel (Fig. 5):

uB = (uB) (30)max

On the other hand, from Ohm’s law, Eq. (15):

V/A = uB 1 ( j/R ) (31)m

If there is some point where j >> 1, V is mainly determined
by the value of j/Rm at that point. Multiplying Eq. (31) by jA

2jV = uBjA 1 ( j /R )A (32)m

where the left-hand side is the local input power, and the � rst
term of the right-hand side corresponds to the local accelera-
tion power (Lorentz power) for the � ow. Using Eqs. (12) and
(13), the � rst term is transformed to

2du 1 du
uBjA = u ? ru ? A = (33)

d x 2 d x

The integration over the entire channel for this term represents
the total thrusting power, and the second term in Eq. (32) is
the overall Joule heating power. From this derivation, at the
point where j >> 1, Joule heating exceeds the Lorentz power.
Therefore, the input power cannot contribute to effective ac-
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celeration of the � ow. By contrast, provided that j << Rm is
satis� ed over the entire channel, except for where B is zero
(the exit), Eq. (32) can be expressed as

2 1V/A = uB 1 2(R ) (34)m

Here, the discharge voltage is mainly determined by uB, the
so-called back-emf. Once V is determined, its value is constant
over the channel and the geometry A is determined by the
inverse of uB values. A typical uB pro� le is presented in Fig.
5. This consequently requires the convergent – divergent shape,
eliminating the extreme current concentration.

In the optimum solution, the discharge voltage is determined
by uB under the condition of high Rm values, or j << Rm. In
the nonoptimum solution, because of strong current concentra-
tion at the inlet and the exit, whichever term is dominant,
( j/Rm or uB), determines the discharge voltage. Note that the
actual MPD � ow� eld has three-dimensional characteristics re-
laxing the current concentration at the exit of the channel by
forming a virtual cathode with axial current in� ow. Also, the
real-gas effect of ionization/dissociation suppresses the inlet
current concentration. Although these smoothing effects ap-
pearing in the actual current distribution may compensate for
the disadvantage of nonoptimum geometry, they do not imply
a major improvement on the thruster performance. The opti-
mization here has essentially eliminated the severe current con-
centration and has logically achieved a thrust performance im-
provement.

Conclusions
An optimum geometry producing the highest thrust perfor-

mance for a given input power was calculated under the frame-
work of an idealized quasi-one-dimensional self-� eld MPD
� ow� eld. The optimum geometry was established for high Rm
(=10) and speci� ed discharge current, discharge voltage, and
mass � ow rate. The optimum geometry, corresponding to that
yielding the highest exhaust velocity for a given voltage, was
found to be a slowly convergent shape in the upstream region
with a quickly divergent shape in the downstream region. This

optimum geometry results in a uniform current distribution
compared to nonoptimized geometries, and yields a 25% ef-
� ciency improvement over a simple parallel electrode geom-
etry.
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